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I. MINIMUM MAXIMUM ACCELERATION TRAJECTORY
A. Maneuver Structure

In order to find a maneuver that minimizes the maximum acceleration of a one-dimensional system with constrained jerk,
we have to solve the optimizing problem

minimize max (|al|)
subject to  § = f(s, k),
S(to) = 8o, (1)
s(ty) = sy,
ke [*kmar; kmaz] vt € [t07tf]a
with the system dynamics
s= f(s,k) = (p,0,a) = (v,a,k). (2)

We use Pontryagin’s minimum principle to determine the structure of the optimal solution. The maximum acceleration
magnitude within the interval [to,t;] can be written as

tf
max (|a]) = lim andt, (3)
n—00 tf - to to

where n is a positive integer. Since the function *{/1/(t; —to)(.) is strictly increasing, we can minimize its argument
instead of minimizing the function value. Therefore, we define the cost function to be

ty ty
J:/ g(s,k‘)dt:/ amdt = g(s, k) =a®, )

to to

where we later increase n towards infinity. The Hamiltonian is then given by
H(s, k,p) = g(s, k) + p” f(s,k) = a®" + p1v + paa + psk, &)

where p denotes the costates. We can see that the Hamiltonian is linear in k£, meaning that the optimal control input jumps
between £k,,q, if p3 switches its sign (the optimal solution minimizes the Hamiltonian). Additionally, for each switch a
singular arc might occur, meaning that ps stays at zero for a nontrivial interval of time. Within these intervals, the input k&
is determined by the condition that ps and all its time-derivatives stay at zero. The adjoint equation

p = _VSH(Sv ka p) (6)

yields for our problem:

p1 =10 = pi=qa
D2 = —P1 = p2=cy—cit N
p3 = —p2 — 2na®" !

By solving p3 = 0 for a, we get the acceleration within a singular arc:

. i
alt) = +c, (j:;;/cl> . )



For n > 1, the imaginary part of (8) only vanishes for positive values within the brackets, we therefore factor out c; such
that the bracket is positive. To find the acceleration within a singular interval of a maneuver that minimizes max (|al|), we
increase n towards infinity, yielding

1
t— T
lim =4c¢; <:|:C2/Cl) = *tc;. )]

n— 00 2n

Hence, the acceleration is constant if we are in a singular arc, and consequently the jerk stays at zero. Furthermore, knowing
that the acceleration is constant, it can be verified that more than two switches always increase the required maximum
acceleration.
Summing up, the optimal jerk trajectory switches twice between the jerk boundaries, and at each switch it might stay at
zero for a nontrivial interval of time; the maneuver has at most five intervals:
. [t()7t1)1 ]ﬂ = j:kmaz,
): k=0 and ¢ = tamaq,
o [t23t3§: k= :kaaw’
]

with a2 = C1.

B. Maneuver Parameters

Each of the two singular intervals might vanish, hence we do not know the number of intervals beforehand. Furthermore,
the sign of the jerk within the first interval is not known, either. We therefore compute the solutions for all possible cases,
and pick the right solution at the end. The right solution is the one with the smallest a,,,, among all solutions that make
physically sense.

1) Case to > t1 and t4 > t3: In order to find the parameters of such a maneuver, we have to find the five unknowns
t17t27t33t43ama$7 (10)

satisfying the five conditions

p(ty) = py, (11
u(ty) = vy, (12)
a(ty) = ay, (13)
a(t1) = amaz, (14)
a(ts) = —amas- (15)

By inspecting the structure of the acceleration trajectory, the conditions (13)-(15) can be used to express the unknowns %,
t3, and t4 as linear functions of the two unknowns a,,.; and to:

tl — tO + an;;;am_a()7

t3:t2+22m¢, (16)

Amaztaf

kmaa

ty =ty —



In order to obtain the closed-form solutions of the maneuver parameters, we integrate the different maneuver intervals
analytically, and subsequently substitute the unknowns t;, t3, and t4 by inserting (16). We get

(t;) = 00’ =24amas"+a°=300% (@mas thmasT) +30mas™ (a5 +Thmar T =8kmasT2) +3a0amas (Tamas =2k mas T+4kmasT2)
p f) = 6kmaa‘,2
Bamaz (af>—kmas” (T°—4TT2+2T5>))+6kmax” (po+Tv0) 17)
+ 6k 2 )
max
2 2 2
_ =0~ —2a00maz+8maz"+a5 +2amaz(af —kmazT+2kmazT2)4+2kmaxvo
v(ts) = B ; (18)
a(ty) =ay, (19)

where the notations T = t5 — ¢, and T' = t; — ¢y were used. The resulting final velocity (18) is linear in 75, hence we can
insert (18) into condition (12) and subsequently solve for 75:

T, = a02+2a0a7naz_Sam,aw2_2a7nazaf_af2+2a”ma1,k'maa:T_2k’w1a1,/U0+2km,am’Uf. (20)

4amazkmax

By inserting (20) into (17), the final position condition (11) results in a cubic equation for the remaining unknown a4 :

3 2
C3Amaz” + C20maz” + C1Amaz + Co = Oa (21)
with
_ _a0—a5t+kmaaT
Cco = (ao—llf'f‘kmamT)2
2 4km,aw2 ’ (22)
_ao®—ap®—3ar kmarT+3a0% (af —kmaaT)—3a0(a s +2kmax (v0—v5) ) +6a f kmax (v —10)+6kmas (2po—2p s +T (vo+vy))
‘1= 12 mas? ’
(aoz—af2+2kmaz(vf—vo))2
Co = — .

16kmax>

This equation can be solved using Cardano’s method for general cubic equations, yielding three possible solutions for @, qz-
Afterwards, we can use (16) and (20) to obtain the other four unknowns.

2) Case to =ty and ty > t3: In order to find the maneuver parameters for this case, we have to find the four unknowns

tla t3, t4, Omax, (23)

satisfying the four conditions

p(tr) = py, 24)
v(ty) = vy, (25)
a(tf) = ay, (26)
alts) = —amaz- 27)

Similar to the derivations above, we can use the conditions (26) and (27) to express ¢; and t4 as linear functions of ¢3
and a,0z:

1 1 mazx
ty = gto + gts — “gpree,
mazx (28)
Amaxtar

kmaa

t4=tf—



Again, we integrate the system over all intervals and insert the substitution (28). We get for the final state:

(t;) = —a0®+a;*+6kmas>Po+30mac > (af —kmazT) =300 (amaz +hmasT)+6kmaz > TT5> —6kmas" T3>
p f - kanaw2
Bamaz (05> —kmaz® (T?=2T5%)) =300 (@maz’+2amazkmas T—2kmaz > Ts> ) +6kmaz > Tvo (29)
+ 6Fmaz> )
v(ty) = —a02—2aoamm+af2+2amam(Q(Lin:li7namT)+2kmw"‘T32+2kmwuo’ (30)
a(ty) =ay, (31)

with T35 = t3 — to. In this case, the final velocity (30) is quadratic with respect to 75, and we get two solutions when we
solve condition (25):

2 — — 2 —
T, = :l:\/ao +200@maz —2Amazaf af/;:famwkmwT 21@,,,muo+2k,,wvf. 32)

Since T3 must be positive for a valid trajectory, we insert the positive solution of (32) into (29), and the final position
condition (24) yields a radical equation:

2
C2Umaz” + C10max + Co + \/d3amaz3 + d2ama12 + dlamaz + dO = 07 (33)
with
_ ap—aft+kmacT
€2 = 2k7na’1‘,2 ’
200 —2a0(as—kmasT)+kmaz (=205 T+kmas T —200+2v;)

‘= ZRman? :

2a0°+a;®—3a;%kmaeT—300(a s> +2kmax (V0—vf) ) +6kmaz> (Po—ps+Tv5)
CO = 6kma12 9

(ao—af+kmazT)®
dy = = (34)

3(a0—as+kmazT)? (a0’ —a s’ +2kmaz (—vo+vys))
d2 == 2k T )

max 5

3(a0_af+k'mawT)(a02_af2+2k77naa;(_vo+vf))

dl = 1k T )
‘max 3

(a0®—as>+2kmas (—vo+vy))

do = Ey— .
max

Equation (33) can be converted to a quartic equation
Cgamax4 + (20102 + d3)amax3 + (C% + 2¢coca + d2)amax2 + (20001 + dl)amaac + c(2) +do = 0, (35)

which can be solved for a general case using Ferrari’s method. Four possible solutions for a,,,, exist.

3) Case ty >t and ty = t3: In order to find the parameters of such a maneuver, we have to find the four unknowns

t17t27t37 Amaz, (36)

satisfying the four conditions

p(ty) =py, (37)
v(ty) = vy, (38)
a(ty) = ay, (39)
a(ty) = amas. (40)



Again, we can use the conditions (39) and (40) to express ¢ and ¢, as linear functions of ¢3 and a,q,:

t1 = to + Gmes=00

“max

ty = 23 — ty 4 Ltmer,

max

Integrating the system over all intervals, and subsequently applying substitution (41) yields

(ty) = —a0®+a ;2 +6kmaz>P0o—3000maz (@maz —2kmazT)+300% (@maz —kmazT) +3amaz>(a s —kmazT)
) = T

amas (=305 +8kmaz” (T +2T5%) ) +6kmaz > Tvo—6as kmaz T3> —6kmas " Ts”

+ 6kmac> ’
U(t ) _ —a0%+2a00mar—2amazas+ari+2amazkmacT —2kmaz > T3> +2kmazvo
f) = - )
kaaa:
a(tf) =ayf.

Again, the final velocity (43) is quadratic in 73, and solving the final velocity condition (38) for 75 yields:

T, = 4 V072000 mas —20maz s +072+20mas kmaz T+ 2k maz 00 —2kmas Vs

We insert the positive solution of (45) into (42), and the final position condition (37) yields a radical equation:

C2am,ar2 + C1Qmazx + Co + \/d3amaz3 + d2ama12 + dlamam + dO = 07

with
ao—ajs+tkmazT
€2 = Tgi B
205 —2askmas T —2a0(as —kmazT)+kmaz (kmas T +2v0—2vy )
CcC1 = 2 ’
2k77naz
co = —ao®—2a;34+3a0%(a s —kmaxT)+6kmaz> (Po—ps+Tv0)+6a s kmaz(—vo+vys)
- 6kmaz> ’

ds = (ao—alz-‘rkmaxT)B

3(a0—as+kmazT)?(—ao’+as°+2kmas (vo—vy))

)

dy =

2kmax” ’
3(a0—af+kmazT)(a0? —ar?+2kmas (—vo+vy))”
dl = 1k I )
max
2 2
—ao“+a; +2kmaz (vo—vy)
dy = s )

8k7nam4

Finally, we convert (46) to a quartic equation
C3maz” + (2012 + d3)amaz” + (5 + 2¢02 + d2)amaa” + (2¢0¢1 + d1)amaz + ¢§ + do = 0,

which can be solved for general cases. Again, four possible solutions for @, result.

(41)

(42)

(43)

(44)

(45)

(40)

(47)

(48)

4) Case to = t1 and t4 = t3: In this case, we have two unknowns (¢; and t3) and three final state conditions; we cannot

find a solution in general, meaning that this case only occurs as limit case of one of the other solutions above.

5) Negative Initial Jerk: All derivations above were done for positive jerk in the first interval. For negative initial jerk, we

substitute kpqx = —kmaz and Gz = —@mae and apply the same formulas.



II. THROW TRAJECTORY
A. First Interval, to <t <t
Within the first interval of the throw, the acceleration is constant and given by

7xnet (t) = Qthl sin (¢0)7 (49)

énet (t> = Q¢h1 COS (d)O) -9,
where ¢y = ¢(to) is the steady-state roll angle. The velocity and position trajectories yield:

Tnet(t) = asp1 sin (¢o)t,

)
; 7o + Sawm sin (¢o)t?, (50)
)

Tnet(t

(athl cos (¢o) — g)t,
2 (agp cos (do) — g)t2,

(

(
Znet(t
Znet(t

where 19 = ry,.¢(to) denotes the initial net radius, and zg = z,¢:(¢o) the initial net reference height.

B. Second Interval, t1 <t < to
Within the second interval, the vehicles turn outwards and the acceleration trajectories are

Fret(t) = asng sin (¢o + enalt — t1)),

. (&1))
Znet(t) = atnz cos (¢o + Gena(t —t1)) — g.
By integration of the acceleration trajectories, we get
. _ atn2(cos (¢o)—cos (¢po+ina(t—t1)))
Tret(t) = ¢(t1) + Dena 4 7' . .
ot (t) E— (tl) T s (tl)(t _ tl) + ath2(sin (o) —sin (¢0+¢th2_£t*t1))+¢th2(t*t1) cos (¢70)), 5
th2
: — 2 _ _ _ agp2(sin (‘bo)—Si}“ (¢O+‘i’th2(t_t1)))
bner(t) = Fner(tr) = gt = 1) a6 , | | |
2net(t) = Zner(tr) + Ener(B)(t = 1) — (b — ty)?  sezleonlbolconlotougionzduslizt s (bol)
th2
The parameters Q.Sthg and to are determined by the two conditions
Tne t = lne )
¢(t2) ¢ 53)

O(ts)  =m/2.

We can insert (52) into (53) and solve for the unknowns. Two solutions exist; we pick the one yielding a positive roll rate:

Q'S = 2ner(t1)Po+Tnet (1) T (net (81) T =27 ner (1) $0)2 +8atna (Inet —Tnet (1)) (7 —260) cos (o) +2 sin (¢o)—2)

th2 — 4(ln,et_"‘net(t1)) ’ (54)
¢ _ 7/2—¢o
2 b2




C. Third Interval, to <t < t3

The trajectories during the stretching interval follow the trajectories of a linear spring-mass system, hence the accelerations
are given by

if:net (t) = —Qgstretch sin (An(t - t2) + Tstretch)v (55)

Znet (t) = -9,

where )\, is the natural frequency of the system. The velocity and position trajectories yield

fnet t wiim COS (An(t - t2) + Tstretch)7

aths + as;\retch sin ()\n (t _ t2) + Tetretch)7

)
) = 5 : (56)
)
)

Tnet t

net(t2) — g(t —t2),

(

(
Znet(t

( ( >+Znet(t2)(t_t2) - §g(t_t2) .

Znet t
We can insert (56) into the three conditions

Tnet (t2+) = Tnet (t2_) = lneta

7;net (t2 (57)

+
S~—"
=
3
o
=+
—~
~
)
I
S~—"

and solve for the three unknowns Qstretch, Tstretch, and ts. Since multiple solutions exist, we pick the one with t3 > ¢
and Tstretch > 0:

. 2
Astretch = _\/Tnet(t2)2>\n2 + (athS - )\nQZnet) )

Tnet (t2)An
Tstretch = ArCCOS (— , 2ee{2)2s )2>, (58)
net

\/T‘net (t2)2>‘n2+(at}13 _An2l

. —An2l
t3 =ty + - | Tetreten — arcsin Qthd —An tnet .
An Vinet () n2+(atns—An2lnet)?

D. Fourth Interval, t3 <t <ty
In the fourth interval, the vehicles turn back and decelerate. The acceleration trajectories are given by

Fret(t) = apasin (7/2 + duna(t — t3)),

. (59
é3n6t (t) = Qth4 COS (77/2 + ¢th2 (t - tB)) —4g.
The position and velocity trajectories yield
. a¢pasin (fena(t—t3))
Tnet (t) Tnet (t3) + ¢;th4 )
Tnet (t) Lpet + Tret (t3)<t - t3) + ahalls COZ,(@M(t tg)))
(1—cos (dunali—ts))) (©0
. _ _ _ _ Gtha(l—cCOs thd 3
Znet(t) = Znet(ts) — g(t —t3) Dena )
Znet (t) = Znet(ts) + Zner(ts)(t — t3) — Sg(t — t3)% + W(mn(@%(;ﬂt?) Duralt—ta))
The three final conditions to be satisfied are
Tnet(ty) =15,
Tret(ty) =0, 61)

o(ty) = ¢y



By inserting (60) into (61), and solving for the three unknowns a4, gﬁth4, and ty, we get

Fret(t3)” sec (¢o,) (T —=2¢¢ , —2sec (¢r,)+2tan (de )

Qthg4 =

2(lnet—ry) ’
i Tnet(t3)(m—2¢¢  —2sec (¢ )+2tan (¢r )
¢th4 - 2(lnef,—?”f) ) (62)
_ 3%ty
tf o t3 + _dl)thzl ’



